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Abstract 



The three dimensional superintegrable systems with quadratic integrals of motion 
have five functionally independent integrals, one among them is the Hamiltonian. 
Kalnins, Kress and Miller have proved that in the case of non degenerate potentials 
\ there is a sixth quadratic integral, which is linearly independent of the other integrals. 

' The existence of this sixth integral imply that the integrals of motion form a ternary 

parafermionic-like quadratic Poisson algebra with five generators. We show that in 
all the non degenerate cases (with one exception) there are at least two subalgebras 
CN ' of three integrals having a Poisson quadratic algebra structure, which is similar to 

' the two dimensional case. 

o 

, , 1 Introduction 

X 

' In classical mechanics, a superintegrable or completely integrable is a Hamiltonian system 
with a maximum number of integrals. Two well known examples are the harmonic oscillator 
and the Coulomb potential. In the A^- dimensional space the superintegrable system has 
2N — 1 integrals, one among them is the Hamiltonian. 

A compilation of the known three dimensional superintegrable potentials with quadratic 
integrals and their integrals with quadratic integrals of motion can be found in |2] . Kalnins, 



*Detailed version of the talk given at the XXVII Colloquium on Group Theoretical Methods in Physics, 
Yerevan, Armenia, Aug. 2008 
ttanoudis@math.auth.gr 
■'^ daskalo@math.auth.gr 



1 



Kress and Miller [H [3] studying the Darboux equations in three dimensions have clas- 
sified the complex systems. In fact Kalnins, Kress and Miller studied non degenerate 
potentials (depending on 4 parameters) [1] and the degenerate potentials (depending on 3 
parameters) [3J . The real systems, i.e the systems possessing a real potential can be found 
in the Evans seminal paper [2j. One of the results of the paper [T] is the so called "5 to 6" 
Theorem, which states that any three dimensional non degenarate superintegrable system 
with quadratic integrals of motion has always a sixth integral F that is linearly independent 
but not functionally dependent regarding the set of five integrals Ai, A2, Bi, B2, H. This 
statement leads to the result that any three dimensional superintegrable non degenarate 
system form a parafermionic-like Poisson algebra of special character, whose the definition 
is given in Section [2l In Section [3] we show that the special character means that the 
structure of this algebra is such that contains one at least subalgebra. 

The degenerate superintegrable systems lead to non linear deviations of the quadratic 
algebras. Two between them are special cases of non degenerate potentials, which have 
a sixth integral of motion but their algebras are not quadratic ones. The algebra of the 
degenerate systems is under current investigation. 

2 Parafermionic-like Poisson algebras 

The Universal Enveloping Algebra U{g) of the Lie algebra g with generators xi, X2, ■ ■ ■ , Xn 
satisfy the relations 

[n/^ ry 1 /y /y ry ry 

m 

The generators satisfy the obvious ternary (trilinear) relations 

T (xi, Xj, Xk) = [xi, [xj,XkW = ''^^d^.ji^Xn, where (i^^-^ = "^^^dlm^^k (-'-) 

n m 

Generally a ternary algebra is an associative algebra A satisfying whose the generators 
satisfy relations like the following one 

T (Xj, Xj, Xk) ^ ^ ^i-jk-^n 

n 

where T : A® A® A — > ^ is a trilinear map. If this trilinear map is defined as in eq. ([T]) 
the corresponding algebra is an example of the triple Lie algebras, which were introduced 
by Jacobson [1] in 1951. At the same time Green [3] was introduced the parafermionic 
algebra as an associative algebra, whose operators //, satisfy the ternary relations: 



fk-, 



fk, 



[fk,[hfm]]=0 
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We call parafermionic Poisson algebra the Poisson algebra satisfying the ternary rela- 
tions: 

{Xj , 3^fe}p}p = ^ ^ '^i-Jk-^m 
m 

which is the classical Poisson analogue of the Lie triple algebra ([T]). 

The quadratic parafermionic Poisson algebra is a Poisson algebra satisfying the rela- 
tions: 

|xi, {Xj, Xk}p^ p = ^ ] d^.j^XmXn + ^ ^ ^ijk-^m 
m,n m 

A classical superintegrable system with quadratic integrals of motion on a two dimen- 
sional manifold possesses has two functionally independent integrals of motion A and B, 
which are in involution with the Hamiltonian H of the system: 

{H, A}p = 0, {H, B}p = 

the Poisson bracket {A, B}p is different to zero and it is generally an integral of motion 
cubic in momenta, therefore it could not be in general a linear combination of the integrals 
H, A, B. Generally if we the Poisson brackets of the integrals of motion {A, {A, B}p}p, 
{{A, B}p , B}p are not linear functions of the intergals of motion, therefore they don't 
close in a Lie Poisson algebra with three generators. If we consider all the nested Poisson 
brackets of the integrals of motion, generally they don't close in an Poisson Lie algebra 
structure. 

All the known two dimensional superintegrable systems with quadratic integrals of 
motion the have a common structure [51 El El E] : 

{H, A}p = 0, {H, B}p = 0, {A, B}p ^ {A, Bfp = 2F{A, H, B) 

{A, {A, B}p }p = ^ , {B, {A, B}p }p = -gj ^' 

where F = F{A, B, H) is a cubic function of the integrals of motion 

F{A, B, H) = aA' + (3B^ + ^A^B + 5AB^ + (eo + e^H) A^ + (Co + Ci^) 

+ {r]Q + r]iH)AB + {eo + eiH + e2H^)A+ (3) 
+ {ko + KiH + K^H^) 5 + (Ao + XiH + X^H^ + \;H'') 

where the greek letters are constants. 

Therefore any two dimensional superintegrable system correspond to some parafermionic- 
like quadratic Poisson Algebra with two generators. In fact the two dimensional systems 
can be classified in six classes by classifying the corresponding parafermionic-like quadratic 
Poisson algebras [H]. By classifying the correponding associative algebras all the two di- 
mensional superintegrable systems with quadratic integrals of motion are classified too 
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3 The structure of the Poisson algebra of three di- 
mensional potentials 

The known three-dimensional superintegrable systems defined on a flat space are described 
by the Hamiltonian 

H =^{pl + pl+pl) + V{x,y,z) (4) 

were initially studied by Evans [2J. Kalnins, Kress, and Miller in pQ have classifled all 
the three dimensional superintegrable systems with quadratic integrals of motion. These 
potentials are distinguished to the non degenerate ones, which are potentials which depend 
on four parameters, i.e. they are linear combination of four potedntials. The degenerate 
potential depend on less than four parameters. One of the general results in [I] is the so 
called "5 to 6" theorem: 

5^6 Theorem: Let V be a nondegenerate potential (depending on 4 parameters) 
corresponding to a conformally flat space in 3 dimensions 

ds^ = g{x,y, z) {dx^ + dy"^ + dz^) 

that is superintegrable and there are 5 functionally independent constants of the motion 
L = {Se : £ = 1,- --S} There is always a 6th quadratic integral Sq that is functionally 
dependent on C, but linearly independent 

By srudying all the known non degenerate potentials, we can prove the following theo- 
rem: 

Proposition 1 In the case of the non degenerate with quadratic integrals of motion, on 
a conformally flat manifold, the integrals of motion satisfy a parafermionic-like quadratic 
Poisson Algebra with 5 generators which described from the following: 

{Si-, {Sj, Sk} p] p = d,-.Jf^SmSn + C^jk^m (5) 

mn m 

In all the three dimensional superintegrable systems with quadratic integrals with 4 or 
3 parameters, the integrals of motion satisfy a "special" form of the Poisson Parafermionic- 
like algebra 

Proposition 2 In all the known cases (with only one exception) the non degenerate sys- 
tems we can choose beyond the Hamiltonian H four functionally independent integrals 
of motion Ai, Bi, A2, B2, and one additional quadratic integral of motion F, such that 
all the integrals of motion are linearly independent. These integrals satisfy a Poisson 
parafermionic-like algebra The "special" form of the algebra defined by the integrals 
Ai, Bi, A2, B2 is characterized by two cubic functions 

F, = F, {A,,A2, B,, H) F2 = F2 (^1,^2, B2, H) 
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and satisfy the relations: 

{A,,A2}p = {A,,B2}p = {A2,B,}p = 0, 
{Ai, i?i}p = 2Fi{Ai, A2, H, Bi) = cubic function 

{A2, B2YP = 2F2{Ai, A2, H, B2) = cubic function 

dFi dFi 
{^iy {Ai, Bi} p} p = —— , {Bi, {Ai, Bi} p} p — 



dB, ' ^-'^'-^^y^P 
{{Ai, B,}p , B2}p = {A,, {B,, B2}p}p , {{A2, B2}p , B^}p = - {A2, {B,, B2}p}p 

If we put 

Ci = {A,, B^}p , C2 = {A2, B2}p , D = {B,, B2}p , 
the relations ([U]) imply the following ones: 

{Ci, B2}p C, - ^C2 - = {C2, B,}p C2 - T^C, + -^D = 



(6) 



{Ci, C2}p 

and 



{Ai,D}p 
dFo 



dA2 dBi 
9Fi 



dAi 



dA2 
{A2,D}^ 



dF\ 

'dB~i 
dF2 

dBo 



dA 



{Ai,D}p 
dFo 



A, 



D 



{Ci, C2}p 



dFi dF2 



C2 

dFi dF2 




dBidAi dA2dB2 



€2 + 



dF\dF2 
dBi dB2 



D 



C1C2 



Schematically the structure of the above algebra is described by the following " 11" shape 



A, 

I 

I 

Bo 



■A2 
I 
I 
I 



where with dashed line represented the vanishing of Poisson bracket whereas the other 
brackets between the integrals are non vanishing Poisson brackets. 

It is important to notice that the integrals Ai, Bi satisfy a parafermionic-like quadratic 
Poisson algebra similar to the algebra as in two dimensional case The corresponding 
structure function to the two dimensional one (IHD can be written as: 



FMu Bi, H, A2) = a^Al + P^Bf + -f^AlB^ + 5A^Bl + (eoi + t^^H + 621^) Al+ 

+ (Coi + Cii^ + (21^2) Bl + (r^oi + + 7721^2) A1B1 + 

+ (^01 + OiiH + e2lH^ + 6*31^2 + ^41^2 + ^51^2^^) ^1 + 

+ («;01 + l^llH + K2lH'^ + «;31^2 + I^AlAl + K^lA2H) Bi + 

+ Aoi + XuH + X2iH^ + XsiH^ + A41A2 + X51AI + XqiAI+ 

+ XnA2H + XsiAjH + X9iA2H'^ 



(9) 



The pair A2, B2 forms also a parafermionic-like algebra with the corresponding structure 
function ^2(^2, B2, H, Ai), which has a similar form as in Q. 
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4 Non degenerate Potentials 

In this section we give exphcitly the form of the quadratic algebras for the non degenerate 
systems given by Kalnins, Kress and Miller (KKM)[lJ and Evans (Ev) [2j. The full algebra 
is given after some definitions. 

• KKM Potential Vj This potential which is also referred as harmonic oscillator po- 



tential get six, known, linearly independent integrals H, Ai, A2, Bi, B2, F and studied 
in pLj, ^. 

H = pl+pl + pl + S{x' + y' + z') + ^ + ^ + ^ 
^ 



Ai=pi + Sx^ + A2=p; + Sz^ + ^ 



B^ = J,+kx + —r + B2 = J, + ^ + -^ 

and 

2 j2 t2 02(2^^ + 2^) a^x"^ {x"^ + y"^) + aiz^ iy"^ + z^ 



F - Jx + Jy + Jz + y2 + 2-2^2 

where, 

Jx = yPz - ZPy Jy = ZPx - XP^ = XPy " 7/^^ = + 

The above integrals satisfy the following relations: 

{Ai, A2} = {A,,B2} = {A2, B,} = F} = {B2, F} = 
This relation corresponds to a complicated diagram, having five "11" structures as in 

m 

A2 (10) 

I I 
I I 
I I 
B2 Bi 

\ I 
F 

The structure functions are given by the relations: 

{Ai, 5i} = Ci, {A2, B2} = C2, {Bi, B2} = D, {F, Ai} = L, {F, A2} = M, {F, B2} = N 
Cl = 2Fi, Ci = 2F2, = 2F3, = 2F4, = 2F5 
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Fi = -8(A2(a2 + 5i) + Ai5i(A2 - ff) + + a^{{Ai + A2 - Hf - 4a25)) 
F2 = -8((Ai + A2 - //)(q;3^i + ^(«3 + ^2) - a^H) + 5Bi + Q;2(Ai - Aa^5)) 
F3 = -8((a2 + 0:3 + F)Al + (52 - F)HA^ + (S2 - F)25+ 

+«! ((Ai - - 4(a2 + «3 + ^2)5) ) 

F4 = -8(q;i + ^2 + q;3 + + 8(2^3 - Si + F)/fA2 

-SasH'^ + 8 - F)2 + 4aia3 + 4Q;2a3 + 4a3Si) 5 

F5 = 8 (-q;2(5i + B2 - F)2 + ai {Aa2a3 - S|) - Biia^Bi + B2{Bi + B2 - F))) 
The full algebra is given by the following relations: 

{Ai, {A,, Si}} = ^ = -8Ai{A, +A2-H)- 16SB, 

OJD\ 

f)F 

{A2, {A2, B2}} = ^ = -8^2(^2 + A,-H)- 165B2 
Or>2 

r)F 

{{Ai, F}, A,} = --^ = 8A(Ai - S) - 165(i?2 - F) 

{{^2, i^}, A2} = = 8^2(^2 -H)- 16(5(Si - F) 

{{y4i, F}, A2} = {{^2, F}, Ai] = 8AA2 + 16^(Si + S2 - F) 
{{A, Si}, F} = {{A, F}, S2} = {{^2, F}, Si} = {{Si, S2}, F} = 
{{^2, S2}, Si} = {{Si, S2}, A2} = 8A(Si - F) + 8(Si + S2 - F)(A2 - H) 
{Ai, {Si, S2}} = {{Ai, Si}, S2} = 8A2(S2 - F) + 8(Si + S2 - F)(Ai - H) 

dF^ 



{Si,{Si,S2}} 

{{Si,S2},S2} 



as2 
5F5 



asi 

{{A,,F},F} 



dFs 



{{A2,F},F}- 
{{Ai,Si},Si} = 

{{Ai,S2},S2} = 



dAi 

dF4 

dFi 
'dAi 
dF2 
dAo 



= -8(Si + 2S2 - 


F + 2a2)Si - 


16(q;i + q;2)S2 + 16q!2F 


= -8(S2 + 2Si - 


F + 2a2)S2 - 


16(q!2 + «3)Si + 16a2F 


-16ai(Ai -S) - 


16(q;2 + Q;3) Ai 


- 8(2^1 - H)F - 8S2S 


-16a3(^ - S) - 


16(q;i + Q;2)>l2 


- 8(2^2 - H)F - 8S1S 


-16ai(Ai + A2 - 


- H) - 16a2^i 


-8(2Ai - A2)Si + 8SiS 


-16a3(Ai + ^2 - 


- H) - 16^2^ 


- 8(2^2 - Ai)S2 + 8S2S 



{{Ai, Si}, F} = {{Ai, F}, Si} = -16(ai + aa)^! - 1601^2 - 8A1S1 + 8A2S2 

-8F(>li + A2-H) + (16q;i - 8S2)S 

{{^2, S2}, F} = {{A2, F}, S2} = -16^2(02 + "3) - IQasAi - 8A2B2 + SA^Bi 

-8F(Ai + A2-H) + (16q;3 - 8Si)S 



The second algebra which expand in terms of Ci , C2 , -D with coefficients any hnear 
combination of integrals Ai, A2, B2, B2, F, H is: 

{Ci,C2} = -8A2Ci+8A^C2+l6SD,{CuD} = 8{F-B^-B2)Ci-8{2ai+B^)C2-8A^D 

{C2, D} = 8{B2 + 2a^)Ci + 8{B^ + B2 - F)C2 - 8A2D 
The relation between Si, S2, Ci, C2, M, L, F is: 

C1 + C2 + M + L = Q 
KKM Potential Vu This potential get six, known, linearly independent integrals 



H, Ai, A2, Bi, B2, F. 



B, = J2+ 

^z^{P{4:xy{y — ix) + z^i^x — iy)) + 7(x + iy){2x{x + iy) + z"^)) + ^(a: — iy){x + zy)'^ 

2:^(0; + iyY 

B2 = [Px + Wy) +a[x + iy) -- — — F={Jy-iJ^^ ' 



[x + iyY ■ z'^{x + iyY 

The integrals of motion satisfy the relations 

{Ai, A2} = {Ai,B2} = {A2, B,} = F} = {B2, F} = 

The corresponding "11" shape diagram is the same as in ( |T0|) . We can define 

{Ai, 5i} = Ci, {A2, B2} = C2, {Si, B2} = D, {F, Ai} = L, {F, A2} = M, {F, B2} = N 

Cl = 2Fi, Ci = 2F2, = 2F3, = 2F4, A^^ = 2F5 

Fi = -8{a{A2 - A,Y + A^H{A2 - Si - 25) + 
+5{H^ - 4a(A2 + /5 - 7)) + + /9 - 7 + <^)) 

F2 = 8{(^{-Bl + (Ai - - Aa(i) - v42(S| + 4a/5) + 7(^2(52 + i/ - Ai) + 4a/3) - 07^ 
F3 = 8/3 A? + 8S2FA1 - 8F^a - 8Bl5 - 32aP6 

F4 = 8 iPAl - (F(F + 7) + 2/3(Si + 26))A2 + (Si + F){B,P + F{j - /?)) - (7 - 2PY5) 
F5 = -8 - 7 + 6)Bl - //(F + 7)S2 + F'^a - H^(5 + Si (S| + 4a/3) + 

+2Fa7 + a ((7 - 2/?)^ + 4/35) 



The full algebra is given by the following relations: 

{Ai, {Si, S2}} = {{Ai, Si}, S2} = 8A1S2 - 16«F 
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{{^2, 52}, F} = {{A2, F}, B2} = -SB2F - 
BP 

{A,, {A,, B,}} = ^ = -8Ai(A -H) + 16a{A2 - B,) 
r)F 

{{A2, F}, F} = ^ = -8F2 + 16/?(^ - Si) - 87F - 32/35 

{{A, F}, A2} = {{A2, F}, A} = 8(Si - ^2)^2 + 8(A - i/)F 

{{A, F}, A} = = 87(^2 - Si) + I6A2F + 16(/3 - 7)F 

dFo 

{A2, {A2, S2}} = ^ = -I6A2S2 - 16(/3 - 7)^2 - 87(^1 - H) 

0£>2 

{{Ai, Si}, F} = {{Ai, F}, Si} = 8(Si - A2 + 25)S2 + 8(F + 7)^1 
{{A,, F}, S2} = {{S2, F}, Ai} = {{Si, S2}, F} = {{A2, F}, Si} = 

(Si, {Si, S2}} = ^ = -16(/3 + 5 - 7)^2 + 8(F + 7)S - 16(Si + /3)S2 
(9F 

{{A,, Si), Si} = ^ = -8(2/li - S)Si + 16(7 - /? - 5)Ai + 8(25S - ^2)^ 

/9F BP 
{{A,, F}, F} = ^ = 8S2F + 16PA,, {{Si, S2}, S2} = ^ = -8S2 - 32«/3 

{{^2, S2}, Si} = {{Si, S2}, ^2} = 8(^2 + Si + 2(/3 - 7))S2 + (A - S)(8F + 87) 

BP BP 
{{A,, F}, A,} = = -8A1S2 + 16aF, {{A2, S2}, S2} = ^ = -8S2' - 32«/3 

The second algebra which expand in terms of Ci, C2, S with coefficients any hnear 
combination of integrals Ai, A2, B2, B2, F, H 

{Ci, C2} = -8S2C1 + 8(Ai - S)C2 + 8(S - Ai)D 

{Ci, D} = -8S2C1 - 8SC2 + 8(S - Ai)D, {C2, D} = 8S2C2 - 8S2S 
The relation between Si, S2, F, A2,Ai, H, M, D is: 

(S2 + F)Ci + {-A2 + B1 + H + 2S)C2 + {Ai +A2-B1- H)D + (Ai + 2a)M = 
• KKM Potential Vni 

2 , 2 , 2 , / 2 , 2 , 2^ , 13 , 7^ , + y2 _ 3^2) 



{x + lyY (x + lyY (x + lyY 



Ai = J2+ 

I (x+^y)(/3(x+^y)(2a:(x+^y)+^^)+7^(a:^+y^+^^))+5(-4^Jy(J;+^y)^-2^^(a;^+i/^)-3^^) 



B2 = W2-1JM 



(x + iy)^ ' (x + iy)^ 

(x + iy){-A(3z{x + iy) + -i{2x{x + iy) - 82;^)) - 852;(x^ + 2/^ - z^) 



F = Pz{Px + Wy) + 



4(x + iy)^ 
Aaz{x + iyY — l{x + iy) + 4^2; 



4(x + iyY 

The integrals of motion satisfy the following relations: 

{Ai,^} = {Ai,S2} = {A2,5i} = = 

These relations correspond to the diagram 

A2 (11) 

I I 
I I 
I I 
B2 Bi 

I 
I 
I 

F 

If we put 

{A,, B,} = Ci, {A2, B2} = C2, {B,, B2} = D, {F, A,} = L, {F, A2} = M 

and 

Cf = 2Fi, Cl - 2F2, = 2F3 

then 

Fi = -8{aAl-pHBi+A2{2a(3-BiH)+a{p-26f-5H^+Bl{6-(3)+Ai{Bl+Aa6)) 
F2 = 2A^ + 4/3A2-|a + 2752(/3-25) + 85B2' + ^^2(4752-7' + 4(^-25)2 + 16Mi) 

2 

F3 = 2A2Bf - 2F7S1 - ^ + 8^2^ + 8A2a5 
The full algebra is given by the following relations: 

{{Ai, Si}, F} = {{Ai, F}, Si} = -8S1F - 4«7 

{{A2, S2}, Si} = {{Si, S2}, A2} = 165F - 27S1 

{{A2, F}, Si} = {{S2, F}, A2} = {Si, {Si, S2}} = 
(9F 

{Ai, {Ai, Si}} = ^ = -16(Ai - /? + 5)Si + 8(A2 + 8/3)S 

O-Dl 

{{Ai, F}, A2} = {{A2, F}, Ai} = 2(4S2 - /3)Si + 8(A2 + /3)F 

10 



{{^2, ^2}, F} = {{A2, F}, B2} = -2(3^2 + P)B, + 27F - A5H 
{Ai, S2}} = {{Ai, B,}, B2} = 8B^B2 - 27S1 + 8(^2 + f3)F 
{{A,, F}, B2} = {{B2, F}, A,} = -4(Ai -p + 6)B, + 2(^2 + (3)H 

{{A2, F}, A2} = = 27B1 - mF, {{^, F}, = 1^ = 2S,^ + 8a5 

BFo 'Y^ 
{{A2, 52}, S2} = ^ = QAl + 8/?>l2 + 27B2 + 85Ai + 2/?2 + 85" - 8/35 - 4- 

{{Bi,B2},F} = -2Bl-8a6, {{B2,F},B^} = 2Bl+8a6, {{B2,F},F} = 2B^F+a^ 

{{Ai,B,},B,} = ^ = -8Bl-32a5, {^,{^2,52}} = ^ = 27A2+27(/3-25) +16^25 

{{B2,F},B2} = (-2S2+|)5i-2(A2+/3)F, {{A,,F},A^} = 2(452-7)i^+16(Ai+(5-/?)F 

{{Ai,F},F} = -8F^+2B^H-l2aA2-4aP, {{B^,B2},B2} = 6A2Bi+2l3B^-2Fj+AHS 

The second algebra which expand in terms of Ci,C2,D with coefficients any hnear 
combination of integrals Ai, ^2, -B2, B2, F, 

{Ci, C2} = 85iC2 - 8(^ + (3)D, {Ci, D} = -8Bii^, {C2, D} = -4SCi 

The relation between Bi, B2, A2, Ci^ C2, D 

7 477 

• KKM Potential K 

2 , 2 , 2 , 2 , 2 , 2N , ^„ , 7 , 



„2 , . 2 , ^„ . t2 , 2y{^y + iz(ci - 25)) 



{y + izY (y + izY 

2y{' 

Ai^p^^ + 4:ax^ + Px, ^2 = Ji + — , . , „ 

[y + izf 

Bi = J2P. - JsPy + ^(y^ + z^) + x(a(y'' + z^) - . . „ + 



4 {y^izY (y + iz)'^' 

B2 = (Pz - iPy)'^ + 



.2 , S-a{y + iz)'^ 



{y + 

1 Sx 
F^{Pz- iPy){J2 + iJs) --;{y + izf{Aax + /3) 



4 + 
The indergrals satisfy the equation: 

{Ai, ^} = {Ai, B2} = Si} = {^2, F} = {Si, F} = 
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The corresponding diagram is the same as in the case of the potential KKM Vm see 

{A,, B,} = {A2, B2} = C2, {B^, B2} = D, {F, A,} = L, {F, A^} = M, {F, B^} = N 

Cl = 2Fi, Ci = 2F2, = 2F4 

Fi = 8(7(Si {A2 + B^-H)- «7) + 5{-Bl + (A2 - + 407) - Aa5^ - A^ {Bf + 4a6)) 

F2 = ^i4Al-8AlH-16aBl+4f3HB2-p\A^--f+6)+4A2{H^-f3B2-4aiA^-j+6))) 

F3 = 2A2BI + 2F(3Bi - SF^a + ^ + ^^2a6 

The full algebra is given by the following relations: 

f)F 

{{A2, B2}, = ^ = -8Bi - 32a6 

{{A2, B2}, F} = {{A2, F}, B2} = -8B2F - A[55 
BF 

{Ai, {A,, B,}} = —^ = -IQaB, - 2P{Ai - H) 

{Ai, {Bi, B2}} = {{Ai, fii}, B2} = -l&aF + 2/3^2 

F}, = {{Ai, F}, B2} = {{Si, S2}, B2} = 

{{A, F}, A2} = {{^2, F}, A,} = 8B,B2 + 8(Ai - H)F 

{{A2, S2}, 5i} = {{5i, 52}, A2} = 8BrB2 + 8(Ai - H)F 
f)F 

{A2, {A2, B2}} = T^ = -16(A + 6 - 7)^2 + 87(^1 - H) 
0D2 

{{Ai, SJ, F} = {{A, F}, 5i} = -2(3Ai - H)B2 - 2/?F + 4«7 

{{^2, F}, Si} = {{Si, F}, A2} = -4A2S2 + 27A1 + 4(7 - 5)B2 - 27S 
BF 

{Ai, SJ = — i = 2H^ + 2(3Ai - 4//) A - 8aA2 - 2/3Si + 8^(7 - 5) 

{{A2, F}, A2} = I6A2F + 87S1 + 16(5 - 7)F, {{Si, F}, F} = 2S2F + 135 

f)F f)F 
{{A^, F}, A,} = = 16aF - 2/3S2, {{Ai, F}, F} = ^ = 2S2 + 8a6 

{{Si, S2}, F} = {{Si, F}, S2} = 2Bl+8a5, {{Si, F}, SJ = -2SiS2-2AiF+2F// 

{{^2, F}, F} = -8F2+27S2+I2M1-45S-, {Si, {Si, S2}} = 2(3Ai-S)S2+2/5F-4a7 

The second algebra which expand in terms of Ci, C2, S with coefficients any linear 
combination of integrals Ai, A2, B2, B2, F, H 

{Ci,C2} = -8S2Ci + 8(S- Ai)S, {Ci,D} = -4aC2, {C2,D} = -8S2S 

The relation between Ai, Bi, B2,Ci,C2, D, H, F 
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• KKM Potential 1^^ 



Ai = pI + Aax^ + (3x, A2 = pi + ay^ + 4:, -Bi = J2PZ + olxz^ + ^^^^ ^ 

y 4 

-82 = Ji + ^ + F = pyJ3 - axy 1- + ^ 

y^ 4 y^ 

The above integrals satisfy the relations: 

{A^,A2}^{A,,B,}^{A2,B,}^0 
These relations correspond to the diagram: 

A1---A2 (12) 

I I 

I I 

I I 
B2 Bi 



We can define 

and 

where 



Fi = -SaBf + 2(Ai + A2- H){Ai{Ai + A2 - H) - (3B^) - -{IQaA^ + (3^) 

F2 = -8(a52+7A2-2Aii/(S2+27)+Ai(-27//+A2(S2+27))+A2(S2+7+5)+7(if'-4a(5)) 
The full parafermionic-like algebra is given by the following relations: 

{{5i,F},yli} = 

{{Si, ^2}, B2} = -8(Si + F)S2 - 165i7 - 
{{Ai, F}, A2} = {{A2, F}, Ai} = -16q;F - 2/3^2 
{Si, {Si, S2}} = 2(3Ai + ^2 - S)S2 - 8S1F + 4^2 

{{S2, F}, Si} = 2(3^1 + S2 + 25)^2 - 8S1F - 2S2S 

{A, {Ai, Si}} = 1^ = -16aSi - 2/3(A + A - i/) 
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{A2, {A2, B2}} = ^ = -8(Ai + A2- H)A2 - 16aB2 
Or>2 

B2}, F} = 2{A2 - 2Ai)B2 + SB^F + 47(^1 + A2 - H) 
{{A,, B,}, F} = {{A,, F}, B,} = 2(Ai + A2 - H)A2 + AaB2 

{{Ai, F}, B2} = {{^2, F}, Ai} = 8(Ai + A2 - H)F - 8A2B, 
{{A2, B2}, B,} = {{B,, B2}, A2} = 8{A, + A2- H)F - 2^B2 
{Ai, {Si, ^2}} = {{^1, B2} = 8(Ai + A2- H)F - 8A2B, 
{{A2, F}, B,} = {{B,, F}, A2} - -2(A + A2- H)A2 - 4aB2 
{{Bi, F}, B2} = 2{Ai + 2A2 - H)B2 + 47(^1 ^A2-H)^ 4^2 

{{A2, B2}, B2} = —^ = -8{Ai + 2A2 - H)B2 - 167(^1 + A2-H)- I6M2 
0A2 

r)F 

{{^1, Si}, Si} = ^ = 2(3^1 + 4^2 - 4ff )Ai + 2(^2 - 2H)A2 + 277^ _ 2/3Si - 8a5 
{{S2,F},^2} = 8{H-A^-A2)F+2(3B2, {{A2,F],B2] = 8(i/-Ai -^2)^ + 8^2^1 
{{Si, F}, Si} = 2(iy-Ai-^2)i^+^52, {{S2, F}, S2} = 8(Si+F)S2+167Si+165F 
{{Ai,F},F} = 2(A2-2Ai)yl2+2/3F-8a7, {{A2,F},F} = -2(A2-Ai)A2-2/3F+8a7 
{{Si,F},F} = -2A2Si+^S2, {{S2,F},F} = 2(2Ai-A2)S2+47(//-A-A2)-8SiF 

{{Ai, F}, Ai} = 16«F+2/3A2, {{A2, F}, ^2} = 16aF+2/3A2, {{^2, S2}, F} = 8A2S1- 

The second algebra which expand in terms of Ci,C2,D with coefficients any hnear 
combination of integrals Ai, ^2, S2, S2, F, if 

{Ci, C2} = -8A2C1 + 2(3C2 + 16aD 

{Ci, D} = -8FCi+2(3Ai+A2-S')C2-2/?F), {C2, D} = 8(S2+27)Ci+8FC2-8A2F> 
The relation between Ci, C2, Ai, Si, S2, F, M 

^(4S2 + 4F + 87) Ci + ^(-2Ai - 4Si + 4F)C2+ 
+^(4Ai - 4S- + p)D + ^(-4Si + 4S2 + 8S)M = 

• KKM Potential 

H ^ pl+pl+pl+a{-2{x-iyf+4:a{x'^+y'^)+z'^)+P{-3{x-iyf+2{x+iy))+^{x-iy)+— 

Ai = {px - ipyf + 4(x - i?/)(Q;(a; - iy) + A2 = + a^;^ + — 

z 
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Bl = J-iipx - Wy)- 

-{ (iPx + WyY + {{"iax^ + 4x3(a + (3 - 3aiy) + Axy{a{'iiy'^ + y- 2i)) - 3py) + 

+2jix{i + y)- x^{2a{y{2i + 9y) - 2) + A(3{3iy - 2) + 7) + y{y - 2i){3ay^ + 2iy{a + 2/3) + 7) 

B2 = (J2 + tJi)Pz + z\a{x - ly) + (3)- ^^"^ ~ 

F = {J2+iJi)'^+z'^{3ax'^-3ay'^+2(3-4iy{a+P)+x{A(3-6aiy)--f)+6{{x-iy)^+Aiy)) 
The integrals satisfy the relations 

The "n shape diagram corresponding to the above relations is given by ( fT2l) . 

{Ai,5i} = Ci, {A2,B2} = C2 

Cl = 2Fi, Cl = 2F2 

Fi = -2{Al~2^Al+Ai{lQaiBi-4pA2+4/3H+j'^)-A{-Al3HBi) + {A2-H){aA2-aH-P^)) 
F2 = -8aBi + 2^2(^1 + 4/952) - 86{aAi + P^) 

{{A,,F},A,} = 
dF 

{A2, {A2, B2}} = 777^ = 8A2P - 1652a 
On2 

{{B2, F}, A2} = -8(^1 + 2/3 - 7)^2 + 8/3F 

{{A2, F}, A2} = -8{Ai + 2/3- 7)^2 + 16aF 

{{Ai, F}, A2} = {{A2, F}, A^} = UaB2 - 32(3A2 

{Si, 52}} = -2A1S2 + 2(7 - 2P)B2 + 2(3F 

{{Ai, F}, Bl} = i{8AiA2 + 32a52 - 16aF - 87A2) 

{{^2, F}, B2} = 8(2^2 + Ai - H)A2 + 8f3F - 32a5 

{Ai, {Si, B2}} = {{A, Si}, S2} = ^(16aS2 - 8/?^) 

{{Si, F}, Ai} = 2(-16AiA2 - 32{a + /3)S2 + I6/3A2) 

{{S2, F}, S2} = 8(Ai + 2yl2 - S)S2 - 4AiF - 16/95 

{{Si, S2}, S2} = -2^(2^2 - H)A2 + 2(3i{2B2 - F) + 8ia5 

{{Si, F}, F} = -8(2^^2 - 4Si + 10iS2 - 22F - 5)^2- 
-8(4iS2 + iAi - 8S1 - 4iS)S2 
Ai{Ai - 2iJ)F + 8i{2l3 - 7) + 4^(7 - 2(3)F- 
-A8i5Ai + im{2a + 4/3 + 7) 
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{{^2, B2}, F} = 8(2^2 + - H)A2 + 8(Ai + 2/3 - 7)^2 - 32a5 

{{^1, Bi}, F} = i{2AAiA2 + 32(a + /?)S2 - 8(2/5 + 7)^2 - 16aF) 

{{A2, ^2}, 5i} = {{fii, S2}, A2} = ■i{2AiA2 + 8a52 - 4aF - 27A2) 

{{^1, F}, B2} = {{S2, F}, Ai} = i(8AiA2 + 32aB2 - 16aF - 87^2) 

{{Si, B2}, F} = -4(2^2 - 4Si + 2iB2 - iH)A2 + 2^(2S2 - 

+4i(2/3 - 7)^2 + 2z(7 - 2/?)F + mad + 16i/3(5 

QF 

{{^1, Si}, fill = — i = -6^2 + 87A1 - 32mSi + 8/3^2 - 8/3S - 27^ 

{{Ai, F}, F} = 32(2^2 + Ai - i/)^ + 32A1S2 + 32(2/3 - 7)^2 - 128q;5 

{{A2, F}, F} = 16(4^2 + Ai + 4iSi + 2^2 - 2H)A2 + (Ai + 2/3 - 7)F+ 
-645(2a; + /3) 

{{^2, F}, F} = 16(2^2 + Ai + 4^2 + 4zSi - H)B2 - %{A^ + 2^2 - S)F+ 
+48Mi - 165(2/3 + 7) 

{{Si, F}, S2} = -42(2^2 + 4S2 - H)A2 - Ai{2B2 - F)Ai + 8i{H + (3)B2- 
-4(3iF + 16iS{a + /3) 

{{S2, F}, Si} = -8(2Si + zS2)^ + 6i(F - 2S2)Ai + 4i(2S + 7)S2 - 27iF 

{{Si, F}, Si} = -8(Ai + A2- H)B2 + 6A1F + 16iA2Si + 8/3S2 - 2(7 + 2/3)F 

()F BF 

{{A2, S2}, S2} = — ^ = 4Aiyl2 + 8S2/3, {Ai, {A,, Si}} = ^ = -32Z/32 - 32^1^ 
a>l2 aSi 

{{^2, F}, Si} = {{Si, F}, A2} = z(4AiA2+8AiS2+8(2q;+2/3-7)S2-8(q;+^)F-47A2) 

The second algebra which expand in terms of Ci, C2, D with coefficients any hnear 
combination of integrals ^i, ^2, S2, S2, F, S 

{Ci, C2} = 16mC2, {Ci, D} = 8PC2 - 16mD, {C2, D} = -2A2C1 

There exist an relation between Ai, A2, Ci, C2, S2, -D, S 

-i^{PA2 - 2aB2)Ci - -^(2a^ + /3A - 2aH - P^)C2 + i^{aAi + (3^)D = 

KKM potential V^i This potential is somehow exceptional because is the only one, 
where the integrals don't satisfy a "11" shape diagram. 

pI+pI+pI + {x + iy)a + {-Ax + lyf + ^)/3+ 

3 1 ^ 

+ {{x + iyf + -z{x + iy) + — (x - i2/))7+ 

5 3 1 

+ ivY + g^(^ + ^y)' + + + ^'))^ 
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The integrals of motion are given by: 



1 



^2 =P^(Px+*Py)+Y^(2/3iy-37yV7-z+(^a^^-%^+%-2+3a;^7(l+«<^)+a^(2/?+67i?/-3V+(J-z)) 

Bi = J2PZ - hPy + i{JzPx - JiPz) - ^pypz + ^(-85x^ - 8(37 + 5iy6)x^- 
-4 (-20V + 2Ai-fy + 4/3 + z5) + {80iSy^ + UA-fy^ - 2i(24/3 + 6z5 + 5)y - 16q; + 7) 
+ (-40(5?/^ + 96i7t/3 + 4(12/9 + ?,z5 + (J)?/^ - 2z(16a + 37)2/ + 4^(2/? + z5)) x - 2Ay^j+ 
+y2(16a + 77) + 2(16a + {8z - 1)7) - Siy^S + 2iy{2z - l)(2/3 + zS) + 2iy^{8p + 2zS + S)) 



F = l (4J2 + 82( J2 - Pa,)Ji - 4J| +pI + AJ2{p^ - ipy) + Pz{Pz - l2iJ3)) + 

+^((16^ - 3)^2:^ + 8{6z - l)-fx^ + 2{2{8z - l)/9 + z{6z + l)6)x^+ 

+2z(16a + {8z + 3)7)x + y^{16z + 5)6 + z{A(3 + z6)- 

-4i?/3(4(3z7 + 7) + x{16z + 3)5) - y'^{6{16z + l)5x'^+ 

+2A{6z + l)-fx + 4(82 + 3)P + {6z{2z + 1) - 1)6) + 

+iy{A{16z - l)6x^ + 144^7^2 + 8{8zp + P + z{3z + l)6)x+ 

+ 16(22a + a) + {2z{8z + 7) - 1)7)) 

This system satisfy the relations 




{A,,A2}^{A,,B2}^{B^,F}^0 



and the corresponding diagram is 



(13) 



F 



The next relations correspond to the above diagram 



{A2, B2} — C2, C2 — 2F2 




{{B,, A2}, B2} = J(16Ai + /3)A, - ^A2 
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{A, {Ai, B^}} = {Ai, {Ai, = {{Ai, F}, B^} = 
{{F, S,}, ^} = ^(16^ - + - I^S^ - ^i/ 

{{Ai, F}, S2} = {{S2, F], A,} = i(16Ai + P)A, - ^A^ 

{{F, A,}, A,} = {{F, A,}, A,} = + /?) - ^A, 

{{B„ B,}, A,} = {B„ {A, B,}} = -^A, -^A,-^ 

{{F, B2}, B2} = -4Al - ^(16« - 7)^2 - + ^B, 

i{F, A}, A} = -^A, - ^, {(F, B.},A.} ^ lA. + + 1^ 

1^2}, i^.} - g - -^^-^^-ll' - H - -^^-51^ 

{{B,,A,},A,} = J^A,+^A,+^, {{B„A,},A,} = {A,,{A,,B,}} = ^^1+^ 

{{B.B.}.M} = -I^(128A.+ W)A.+|B2+^A2+4i^-^(8/?Vf 

- -^(384^+8/?+^)A2-l(48.+,)A,+2B2-^i^.+^i^-|^-f 

{F, A2}} = - Y^(38Mi + 512^2 + 12m + 5 - 24/3)^1 - ^(8F + H)- 
-^(8/3 + 965)^2 + - ^(256^ + 48a + 967)^2- 

-T^(7^- 256q;^) 
4096 ^ ' ' 

{{F, A2}, 5i} = + 512^2 + 128F + 5 + 8/3)Ai + -^(256^2 + 48a + 7)^2 

{F,{B2, A2}} ^ ^(384A.+8/3+5)A2+l(48a+7)A.-|i?.+^B.-^//+^+^ 
{{F, A2},i^2} = -^(256A, + 16/3+5M2-^(16a+7)A.-|52-4i?i-^-^ 
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{F, {B,, B^}} = -{{F, B^} = - Y^(2565i - 16a + ^)A^ - ^F - ^B,- 
-^(128^2 - 7 + 12a)// - ^(384^2 + 48a + 57)^2 

{F, {F, B2}} = -^(32A + 320^2 + 384F - A8H + P)A, - jF - ^(16a + 7)^1 
-^(192^2 + 64// + P)B2 - W + i;H 

o z 62 

{F, {F, A,}} = -^(128Ai + 512S2 + 128// + 8/3 + S)A, + ^{S - 8/3)// - ^F 
+ ^(256^2 + 48a + 7)^2 - ^(8/3 + S)B, + ^(256a^ - 7') 

{{AuB.},B,}^lmA + 32p+5)A-lA-'^^^^^ 

{B,,{B.A.}} ^ ^(384A+8/3+^)A2+l(7+48a)A,-2B,--LH+^5,+^+_^ 
{Bi, {Si, B2}} = -^(32Ai - 64^2 - 16// + 3P)A, - ^(256^2 + 48a - 37)^2 

{F, {F, A2}} = -;^(384Ai + 1536^2 + 128// + 16/5 + 5)^2 + 7^(37 - 16a)//- 
64 64 

-i/^ - -^(128/^1 + 16a + 7)Ai - ^(8/3 + 5)/^i- 



-^(48a + 37)S2-^--^ 
1 
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{{F, A2}, A2} = -«4 (128A + 32/5 - 5) A + ^^2+ 
+1^2 + ^//- 1^(8/52- 7^) + 

The second algebra which expand in terms of Ci, C2, /), F with coefheients any hnear 
combination of integrals Ai, A2, B2, H 

{C^, C2] = 0, {Ci, D] = -IC2 - ^L, {C2, D} = + 
{C„L} = -^-C2,{C2,L} = ^C2 



19 



{D,L}={-—— ^ + 777 ^ + W7T2 ^ + T7 + 



2(16a — 7)7 {16a — 7)7 2(16a — 7)7 16a — 7 {16a — 7)7 
16B2(36 AH (36 AA^^ 61A^a 32^2/3 \^ 



{16a — 7)7 {16a — 7)7 16a — 7 16a — 7 16a — 7 



2Ai5^ 75 a5 16Ai/95 /37 , ^ 



(16a — 7)7 16(16a — 7) 16a — 7 (16a — 7)7 16a — 7 
_ 0^ S(3 _ 4A26P 

2(16a — 7) 16(16a — 7) (16a — 7)7 

8A1/3 72 A26^ a7 A16 



16a — 7 16(16a — 7) 2(16a — 7)7 16a — 7 16a — 7 
The relation between Ci , C2 is: 

Ci + 2C72 = 



5 Conclusions 

The three dimensional non degenerate systems of Kalnins, Kress and Miller P satisfy 
a parafermionic like quadratic Poisson algebra. All the algebras have at least a two- 
dimensional like parafermionic quadratic Poisson subalgebra. All the systems with one 
exception the have at least two subalgebras forming a special "11" structure. Each subal- 
gebra coreesponds to classical superintegrable system possessing two Hamiltonians. 

There is no results yet about the quantum superintegrable systems as also a a compact 
general classification theory for three dimentional superintegrable potentials. The structure 
of the corresponding Poisson algebras for the degenarate systems is under investigation. 
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